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Abstract
Wintgen ideal submanifolds in space forms are those ones attaining equal-
ity at every point in the so-called DDVV inequality which relates the scalar
curvature, the mean curvature and the normal scalar curvature. This prop-
erty is conformal invariant; hence we study them in the framework of Mo¨bius
geometry, and restrict to three dimensional Wintgen ideal submanifolds in S5.
In particular we give Mo¨bius characterizations for minimal ones among them,
which are also known as (3-dimensional) austere submanifolds (in 5-dimensional
space forms).
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1 Introduction
The so-called DDVV inequality says that, given a m-dimensional submanifold
x :Mm −→ Qm+p(c) immersed in a real space form of dimensionm+p with constant
sectional curvature c, at any point of M we have
s ≤ c+ ||H||2 − sN . (1.1)
Here s = 2m(m−1)
∑
1≤i<j≤n〈R(ei, ej)ej , ei〉 is the normalized scalar curvature with
respect to the induced metric onM , H is the mean curvature, and sN =
2
m(m−1) ||R⊥||
is the normal scalar curvature. This remarkable inequality was first a conjecture due
to De Smet, Dillen, Verstraelen and Vrancken [7] in 1999, and proved by J. Ge, Z.
Tang [8] and Z. Lu [17] in 2008 independently.
As pointed out in [5][7][17][19], it is a natural and important problem to charac-
terize the extremal case, i.e., those submanifolds attaining the equality (1.1) at every
point, called Wintgen ideal submanifolds. In [8] it was shown that the equality holds
at x ∈ Mm if and only if there exist an orthonormal basis {e1, · · · , em} of TxMm
and an orthonormal basis {n1, · · · , np} of T⊥x Mm such that the shape operators
{Ani , i = 1, · · · ,m} have the form
An1 =


λ1 µ0 0 · · · 0
µ0 λ1 0 · · · 0
0 0 λ1 · · · 0
...
...
...
. . .
...
0 0 0 · · · λ1

 , An2 =


λ2+µ0 0 0 · · · 0
0 λ2−µ0 0 · · · 0
0 0 λ2 · · · 0
...
...
...
. . .
...
0 0 0 · · · λ2

 , (1.2)
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and
An3 = λ3Ip, Anr = 0, r ≥ 4.
This is the first step towards a complete classification.
Wintgen [23] first proved the inequality (1.1) for surfaces M2 in R4, and that
the equality holds if and only if the curvature ellipse of M2 in R4 is a circle. Such
surfaces are called super-conformal surfaces. They come from projection of complex
curves in the twistor space CP 3 of S4 [3]. Together with totally umbilic submanifolds
(spheres and planes), they provide the first examples of Wintgen ideal submanifolds.
Note that they are not necessarily minimal surfaces in space forms. In particular,
being super-conformal is a conformal invariant property, whereas being minimal is
not.
The conformal invariance of Wintgen ideal property in the general case was
pointed out in [4]. Thus it is appropriate to investigate and classify Wintgen ideal
submanifolds under the framework of Mo¨bius geometry. For this purpose, the sub-
manifold theory in Mo¨bius geometry established by the fourth author will be briefly
reviewed in Section 2.
We will always assume that the Wintgen ideal submanifolds in consideration are
not totally umbilic. Note that to have the shape operators taking the form in (1.2),
the distribution D = Span{e1, e2} is well-defined. We call it the canonical distribu-
tion. The first Mo¨bius classification result was obtained by us in [12].
Theorem A(Li-Ma-Wang[12]): Let x : Mm → Sm+p(m ≥ 3) be a Wint-
gen ideal submanifold and it is not totally umbilic. If the canonical distribution
D = Span{e1, e2} is integrable, then locally x is Mo¨bius equivalent to either one of
the following three kinds of examples described in Rm+p:
(i) a cone over a minimal Wintgen ideal surface in S2+p;
(ii) a cylinder over a minimal Wintgen ideal surface in R2+p;
(iii) a rotational submanifold over a minimal Wintgen ideal surface in H2+p.
In this paper we consider three dimensional Wintgen ideal submanifolds x :
M3 → S5 whose canonical distribution D is not integrable. There is a Mo¨bius in-
variant 1-form ω associated with x. For its definition as well as other basic equations
and invariants, see Section 3.
Our main result is stated as below, which is proved in Section 4.
Theorem B: Suppose x :M3 → S5 is a Wintgen ideal submanifold whose canonical
distribution D is not integrable. It is Mo¨bius equivalent to a minimal Wintgen ideal
submanifold in a five dimensional space form Q5(c) if and only if the 1-form ω is
closed.
Under some further conditions, in Section 5 we characterize minimal Wintgen
ideal submanifolds coming from Hopf bundle over complex curves in CP 2. We
also discuss the classification of Mo¨bius homogeneous ones among Wintgen ideal
3-dimensional submanifolds in S5, which include the following example:
x : SO(3) −→ S5, (u, v, u × v) 7→ 1√
2
(u, v).
As to the geometric meaning of the 1-form ω, we just mention that it could still be
defined for Wintgen ideal submanifolds with dimension m ≥ 4. In a forthcoming pa-
per [13] we will show that dω = 0 is equivalent to the property that D = Span{e1, e2}
2
generates a 3-dimensional integrable distribution on M3. Assume this is the case;
then we will obtain a similar classification [13] as in Theorem A. These results again
demonstrate the phenomenon described by our reduction theorem [11].
To understand the classification result, it is necessary to note that among Wint-
gen ideal submanifolds, there are a lot of minimal examples in space forms. Although
they do not exhaust all possible examples, our classification demonstrates their im-
portance as being representatives in a Mo¨bius equivalence class of submanifolds,
or as building blocks of generic examples. Those minimal Wintgen ideal surfaces
are called super-minimal in the previous literature, including examples like complex
curves in Cn and minimal 2-spheres in Sn. For three dimensional submanifolds in
5-dimensional space forms S5,R5,H5, being minimal and Wintgen ideal is equiva-
lent to being austere submanifolds, i.e. the eigenvalues of the second fundamental
form with respect to any normal direction occur in oppositely signed pairs. Such
submanifolds have been classified locally by Bryant [2] for M3 → R5 , by Dajczer
and Florit [6] for M3 → S5, and by Choi and Lu [16] for M3 → H5.
Finally we note that in [4], Dajczer and Florit have provided a parametric con-
struction of Wintgen ideal submanifolds of codimension two and arbitrary dimension
in terms of minimal surfaces in Rm+2. Compared to our work, they had no restric-
tion on the dimension of M , and the construction is explicit and valid for generic
examples. On the other hand, their descriptions were not in a Mo¨bius invariant
language. In another paper [14], we will give a construction of all Wintgen ideal
submanifolds of codimension two and arbitrary dimension m in terms of holomor-
phic, isotropic curves in a complex quadric Qm+2.
Acknowledgement This work is funded by the Project 10901006 and 11171004
of National Natural Science Foundation of China. We thank Professor Zizhou Tang
for pointing out the homogeneous embedding of SO(3) in S5 to us. We are grateful
to the referees for their helpful suggestions.
2 Submanifold theory in Mo¨bius geometry
In this section we briefly review the theory of submanifolds in Mo¨bius geometry.
For details we refer to [22], [15].
Recall that in the classical light-cone model, the light-like (space-like) directions
in the Lorentz space Rm+p+21 correspond to points (hyperspheres) in the round sphere
Sm+p, and the Lorentz orthogonal group correspond to conformal transformation
group of Sm+p. The Lorentz metric is written out explicitly as
〈Y,Z〉 = −Y0Z0 + Y1Z1 + · · ·+ Ym+p+1Zm+p+1,
for Y = (Y0, Y1, · · · , Ym+p+1), Z = (Z0, Z1, · · · , Zm+p+1) ∈ Rm+p+21 .
Let x : Mm → Sm+p ⊂ Rm+p+1 be a submanifold without umbilics. Take
{ei|1 ≤ i ≤ m} as the tangent frame with respect to the induced metric I = dx · dx,
and {θi} as the dual 1-forms. Let {nr|1 ≤ r ≤ p} be an orthonormal frame for the
normal bundle. The second fundamental form and the mean curvature of x are
II =
∑
ij,r
hrijθi ⊗ θjnr, H =
1
m
∑
j,r
hrjjnr =
∑
r
Hrnr, (2.1)
3
respectively. We define the Mo¨bius position vector Y :Mm → Rm+p+21 of x by
Y = ρ(1, x), ρ2 =
m
m− 1
∣∣∣∣II − 1mtr(II)I
∣∣∣∣2 . (2.2)
Y is called the canonical lift of x [22]. Two submanifolds x, x¯ : Mm → Sm+p are
Mo¨bius equivalent if there exists T in the Lorentz group O(m+ p+ 1, 1) such that
Y¯ = Y T. It follows immediately that
g = 〈dY, dY 〉 = ρ2dx · dx (2.3)
is a Mo¨bius invariant, called the Mo¨bius metric of x.
Let ∆ be the Laplacian with respect to g. Define
N = − 1
m
∆Y − 1
2m2
〈∆Y,∆Y 〉Y, (2.4)
which satisfies
〈Y, Y 〉 = 0 = 〈N,N〉, 〈N,Y 〉 = 1 .
Let {E1, · · · , Em} be a local orthonormal frame for (Mm, g) with dual 1-forms
{ω1, · · · , ωm}. Write Yj = Ej(Y ). Then we have
〈Yj , Y 〉 = 〈Yj , N〉 = 0, 〈Yj , Yk〉 = δjk, 1 ≤ j, k ≤ m.
We define
ξr = (H
r, nr +H
rx), 1 ≤ r ≤ p.
Then {ξ1, · · · , ξp} form the orthonormal frame of the orthogonal complement of
Span{Y,N, Yj |1 ≤ j ≤ m}. And {Y,N, Yj , ξr} is a moving frame in Rm+p+21 along
Mm.
Remark 2.1. Geometrically, at one point x, ξr corresponds to the unique sphere
tangent to Mm with normal vector nr and the same mean curvature H
r = 〈ξr, g〉
where g = (1,~0) is a constant time-like vector. We call {ξr}pr=1 the mean curvature
spheres of Mm.
We fix the range of indices in this section as below: 1 ≤ i, j, k ≤ m; 1 ≤ r, s ≤ p.
The structure equations are:
dY =
∑
i
ωiYi,
dN =
∑
ij
AijωiYj +
∑
i,r
Cri ωiξr,
dYi = −
∑
j
AijωjY − ωiN +
∑
j
ωijYj +
∑
j
Brijωjξr,
dξr = −
∑
i
Cri ωiY −
∑
i,j
ωiB
r
ijYj +
∑
s
θrsξs,
(2.5)
where ωij are the connection 1-forms of the Mo¨bius metric g, and θrs are the normal
connection 1-forms. The tensors
A =
∑
i,j
Aijωi ⊗ ωj, B =
∑
i,j,r
Brijωi ⊗ ωjξr, Φ =
∑
j,r
Crjωjξr (2.6)
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are called the Blaschke tensor, the Mo¨bius second fundamental form and the Mo¨bius
form of x, respectively. The covariant derivatives Aij,k, B
r
ij,k, C
r
i,j are defined as
usual. For example,∑
j
Cri,jωj = dC
r
i +
∑
j
Crjωji +
∑
s
Csi θsr,
∑
k
Brij,kωk = dB
r
ij +
∑
k
Brikωkj +
∑
k
Brkjωki +
∑
s
Bsijθsr.
The integrability conditions are given as below:
Aij,k −Aik,j =
∑
r
(BrikC
r
j −BrijCrk), (2.7)
Cri,j − Crj,i =
∑
k
(BrikAkj −BrjkAki), (2.8)
Brij,k −Brik,j = δijCrk − δikCrj , (2.9)
Rijkl =
∑
r
(BrikB
r
jl −BrilBrjk + δikAjl + δjlAik − δilAjk − δjkAil), (2.10)
R⊥rsij =
∑
k
(BrikB
s
kj −BsikBrkj). (2.11)
Here Rijkl denote the curvature tensor of g. Other restrictions on tensor B are
∑
j
Brjj = 0,
∑
i,j,r
(Brij)
2 =
m− 1
m
. (2.12)
All coefficients in the structure equations are determined by {g,B} and the normal
connection {θrs}. Coefficients of Mo¨bius invariants and the isometric invariants are
related as below. (We omit the formula for Aij since it will not be used later.)
Brij = ρ
−1(hrij −Hrδij), (2.13)
Cri = −ρ−2[Hr,i +
∑
j
(hrij −Hrδij)ej(ln ρ)]. (2.14)
Remark 2.2. For x : M3 → R5, the Mo¨bius position vector Y : M3 → R71 and the
mean curvature sphere {ξ1, · · · , ξp} are given by
Y = ρ(
1 + |x|2
2
,
1− |x|2
2
, x),
ξr =
(
1 + |x|2
2
,
1− |x|2
2
, x
)
Hr + (x · nr,−x · nr, nr).
Note that Hr = 〈ξr, g〉 where g = (−1, 1,~0) is a constant light-like vector. For x :
M3 → H5 ⊂ R61 (the hyperboloid model of the hyperbolic space), the corresponding
formulae are
Y = ρ(x, 1), ξr = (nr +H
rx,Hr), r = 1, · · · , p.
In this case Hr = 〈ξr, g〉 where g = (~0, 1) is a constant space-like vector. The Mo¨bius
invariants are related to the isometric invariants still by (2.13)∼ (2.14).
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3 Three dimensional Wintgen ideal submanifolds in S5
From now on, we assume x : M3 → S5 to be a three dimensional Wintgen
ideal submanifold without umbilic points. According to (1.2) and (2.13),(2.12), that
means we can choose a suitable tangent and normal frame ({E1, E2, E3} and {ξ1, ξ2})
such that the Mo¨bius second fundamental form B takes the form
B1 =

0 µ 0µ 0 0
0 0 0

 , B2 =

µ 0 00 −µ 0
0 0 0

 , µ = 1√
6
. (3.1)
Remark 3.1. The distribution D = Span{E1, E2} is well-defined. The same is true
for the vector field E3 up to a sign, and this sign is fixed on a connected and
orientable subset of M3. Notice that the tangent and normal frames still allow a
simultaneous transformation
(E˜1, E˜2) = (E1, E2)
(
cos t sin t
− sin t cos t
)
, (ξ˜1, ξ˜2) = (ξ1, ξ2)
(
cos 2t − sin 2t
sin 2t cos 2t
)
(3.2)
if we fix the induced orientation on the tangent and normal bundles and require that
B1, B2 still take the form (3.1).
First we compute the covariant derivatives of Brij . From (3.1) we get
B133,i = B
2
33,i = B
1
12,i = B
2
11,i = B
2
22,i = 0, 1 ≤ i ≤ 3. (3.3)
Other derivatives are related with the connection 1-forms ωij as below:
ω23 =
∑
i
B113,i
µ
ωi = −
∑
i
B223,i
µ
ωi;
ω13 =
∑
i
B123,i
µ
ωi =
∑
i
B213,i
µ
ωi;
2ω12 + θ12 =
∑
i
−B111,i
µ
ωi =
∑
i
B122,i
µ
ωi =
∑
i
B212,i
µ
ωi.
(3.4)
By (2.9) and (3.3) we know the symmetry property below,
B113,2 = B
1
23,1 = B
1
12,3 = 0, B
2
13,2 = B
2
23,1 = B
2
12,3, (3.5)
where we have used B112,3 = 0 by (3.3). From this fact and comparing coefficients in
(3.4), we obtain
µω13(E1) = B
2
13,1 = B
1
23,1 = 0, µω23(E2) = −B223,2 = B113,2 = 0. (3.6)
Similarly we know the coefficients in the following three equalities are equal to each
other:
−µω23(E1) = −B113,1 = B223,1,
µω13(E2) = B
1
23,2 = B
2
13,2,
µ(2ω12 + θ12)(E3) = −B111,3 = B122,3 = B212,3.
(3.7)
Next we derive the Mo¨bius form, using (2.9) and the information on Brij,k:
C13 = B
1
22,3 −B123,2 = 0, C23 = B211,3 −B213,1 = 0. (3.8)
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The other coefficients {Crj } are obtained similarly as below:
C11 = −B113,3 = −µω23(E3), C22 = −B223,3 = µω23(E3),
C12 = −B123,3 = −µω13(E3), C21 = −B213,3 = −µω13(E3),
C11 = B
1
22,1 = µ(2ω12 + θ12)(E1) = B
2
12,1 = −C22 ,
C12 = B
1
11,2 = −µ(2ω12 + θ12)(E2) = −B212,2 = C21 .
(3.9)
For simplicity we introduce the following notations:
U = ω23(E3) = −C
1
1
µ
=
C22
µ
,
V = −ω13(E3) = C
1
2
µ
=
C21
µ
,
L = ω13(E2) = −ω23(E1) = −
B111,3
µ
.
(3.10)
Then we summarize what we know about the connection 1-forms and the covariant
derivatives Brij,k as below:
ω13 = Lω2 − V ω3, ω23 = −Lω1 + Uω3;
2ω12 + θ12 = −Uω1 − V ω2 + Lω3. (3.11)
By (3.11) we have
dω3 = ω31 ∧ ω1 + ω32 ∧ ω2 ≡ 2Lω1 ∧ ω2 mod(ω3). (3.12)
So the distribution D = Span{E1, E2} is integrable if and only if L = 0 identically.
For the information on the Blaschke tensor A, we use (2.8). It requires to
compute the covariant derivatives of Crj , which is quite straightforward:
C11,i = −C22,i, C12,i = C21,i, C13,2 = C11L = −µUL, C13,1 = −C12L = −µV L.
Now it follows that
µ(A11 −A22) =
∑
k
(B12kAk1 −B11kAk2) = C12,1 − C11,2, (3.13)
2µA12 =
∑
k
(B21kAk2 −B22kAk1) = C21,2 − C22,1 = C11,1 + C12,2, (3.14)
µA13 =
∑
k
(B12kAk3 −B13kAk2) = C12,3 − C13,2 = C12,3 + µUL, (3.15)
µA23 =
∑
k
(B11kAk3 −B13kAk1) = C11,3 − C13,1 = C11,3 + µV L. (3.16)
Consider a new frame {Y, Yˆ , η1, η2, η3, ξ1, ξ2} in R71 along M3 as below, whose
geometric meaning will be clear later (see Theorem 3.3 and Remark 4.1).
η1 = Y1 +
C12
µ
Y = Y1 + V Y, η2 = Y2 +
C11
µ
Y = Y2 − UY, η3 = Y3 − λY ; (3.17)
Yˆ = N − 1
2
(U2 + V 2 + λ2)Y − V Y1 + UY2 + λY3. (3.18)
7
Here λ ∈ C∞(M3) is an arbitrarily given smooth function at the beginning. The
new frame is orthonormal except that
〈Y, Y 〉 = 0 = 〈Yˆ , Yˆ 〉, 〈Y, Yˆ 〉 = 1.
By the original structure equations (2.5) we get
dξ1 = −µω2η1 − µω1η2 + θ12ξ2, (3.19)
dξ2 = −µω1η1 + µω2η2 − θ12ξ1, (3.20)
dη1 = −ωˆ1Y − ω1Yˆ +
∑
k
Ω1kηk + µω2ξ1 + µω1ξ2, (3.21)
dη2 = −ωˆ2Y − ω2Yˆ +
∑
k
Ω2kηk + µω1ξ1 − µω2ξ2, (3.22)
dη3 = −ωˆ3Y − ω3Yˆ +
∑
k
Ω3kηk, (3.23)
dY = ωY + ω1η1 + ω2η2 + ω3η3, (3.24)
dYˆ = −ωYˆ + ωˆ1η1 + ωˆ2η2 + ωˆ3η3, (3.25)
Note that (3.19) and (3.20) give the first motivation for the definition of η1, η2 in
(3.17).
Differentiate (3.19) ∼ (3.25). We get the following integrability equations:
dω1 = ω ∧ ω1 +Ω12 ∧ ω2 +Ω13 ∧ ω3; (3.26)
dω2 = ω ∧ ω2 − Ω12 ∧ ω1 +Ω23 ∧ ω3; (3.27)
dω3 = ω ∧ ω3 +Ω31 ∧ ω1 +Ω32 ∧ ω2; (3.28)
dω1 = −(θ12 +Ω12) ∧ ω2; (3.29)
dω2 = (θ12 +Ω12) ∧ ω1; (3.30)
dωˆ1 = −ω ∧ ωˆ1 +Ω12 ∧ ωˆ2 +Ω13 ∧ ωˆ3; (3.31)
dωˆ2 = −ω ∧ ωˆ2 − Ω12 ∧ ωˆ1 +Ω23 ∧ ωˆ3; (3.32)
dωˆ3 = −ω ∧ ωˆ3 +Ω31 ∧ ωˆ1 +Ω32 ∧ ωˆ2; (3.33)
dΩ12 = Ω13 ∧ Ω32 − ω1 ∧ ωˆ2 − ωˆ1 ∧ ω2 + 2µ2ω1 ∧ ω2; (3.34)
dΩ13 = Ω12 ∧ Ω23 − ω1 ∧ ωˆ3 − ωˆ1 ∧ ω3; (3.35)
dΩ23 = −Ω12 ∧ Ω13 − ω2 ∧ ωˆ3 − ωˆ2 ∧ ω3; (3.36)
Ω13 ∧ ω1 = Ω23 ∧ ω2; Ω13 ∧ ω2 = −Ω23 ∧ ω1; (3.37)
dθ12 = 2µ
2ω1 ∧ ω2; (3.38)
ω1 ∧ ωˆ2 = −ω2 ∧ ωˆ1; ω1 ∧ ωˆ1 = ω2 ∧ ωˆ2; (3.39)
dω = −ω1 ∧ ωˆ1 − ω2 ∧ ωˆ2 − ω3 ∧ ωˆ3. (3.40)
The 1-forms ω, ωˆi,Ωij = −Ωji are determined by (2.5) and (3.17),(3.18):
Ω12 = 〈dη1, η2〉 = ω12 + Uω1 + V ω2, (3.41)
Ω13 = 〈dη1, η3〉 = λω1 + Lω2, (3.42)
Ω23 = 〈dη2, η3〉 = −Lω1 + λω2, (3.43)
ω = 〈dY, Yˆ 〉 = −V ω1 + Uω2 + λω3. (3.44)
It follows from (3.39) that there exist some functions Fˆ , Gˆ such that
ωˆ1 = Fˆω1 + Gˆω2, ωˆ2 = −Gˆω1 + Fˆω2. (3.45)
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A straightforward yet lengthy computation find
ωˆ1 = 〈dYˆ , η1〉
= d
(
N − 1
2
(U2 + V 2 + λ2)Y − V Y1 + UY2 + λY3
)
· (Y1 + V Y )
=
∑
i
Ai1ωi − 1
2
(U2 + V 2 + λ2)ω1
− dV + V 2ω1 + Uω21 − UV ω2 + λω31 − λV ω3
=
(
A11 +
1
2
(U2 + V 2 − λ2)− 1
µ
C12,1
)
ω1 +
(
A12 − 1
µ
C12,2 − λL
)
ω2,
where we have used dC12 =
∑
iC
1
2,iωi−C11ω12−C22θ21 and (3.11), (3.15). For ωˆ2 we
compute in a similar manner, using (3.13),(3.14) and (3.16) to verify (3.45), with
the result as below:
Fˆ = A11 +
1
2
(U2 + V 2 − λ2)− 1
µ
C12,1, (3.46)
Gˆ = A12 − 1
µ
C12,2 − λL =
C11,1 − C12,2
2µ
− λL. (3.47)
In particular we have the following observation.
Lemma 3.2. Gˆ=0 if and only if λ = GL with L = −
B1
11,3
µ , G =
C1
1,1−C12,2
2µ .
In the end of this section we make the following important geometric observation.
The spacelike 2-plane SpanR{ξ1, ξ2} at p ∈M3 is well-defined, and we call it the
3-dimensional mean curvature sphere, because it defines a 3-sphere tangent to M3
at p with the same mean curvature vector. (Please compare to Remark 2.1.)
The first key observation is that in the codimension two case, SpanR{ξ1, ξ2} is
determined by the complex line SpanC{ξ1 − iξ2} and vice versa. So ξ1 − iξ2 ∈ C7
represents the same geometric object. It is a null vector with respect to the C-
linear extension of the Lorentz metric to R71 ⊗ C. The complex line spanned by it
corresponds to a point
[ξ1 − iξ2] ∈ Q5 = {[Z] ∈ CP 6|〈Z,Z〉 = 0}.
It is similar to the conformal Gauss map of a (Willmore) surface [1] and to the Gauss
map of a hypersurface in Sn [20].
The second key observation is that under the hypothesis of being Wintgen ideal,
this 3-sphere congruence is indeed a 2-parameter family, and its envelope not only
recovers M3, but also extends it to a 3-manifold as a circle bundle over a Riemann
surfaceM (a holomorphic curve). The underlying surfaceM comes from the quotient
surface M = M3/Γ (at least locally) where Γ is the foliation of M3 by the integral
curves of the vector fields E3. More precise statement is as below.
Theorem 3.3. For a Wintgen ideal submanifold x :M3 → S5 we have:
(1) The complex vector-valued function ξ1 − iξ2 locally defines a complex curve
[ξ1 − iξ2] :M =M3/Γ→ Q5 ⊂ CP 6.
(2) The 3-dimensional mean curvature spheres Span{ξ1(p), ξ2(p)} is a two-parameter
family of 3-spheres in S5 when p runs through M3.
9
(3) The Lorentz 3-space Span{Y, Yˆ , η3} and the two light-like directions [Y ], [Yˆ ] ∈
RP 6 correspond to a circle and two points on it. These circles are a two-parameter
family. They foliate a three dimensional submanifold M̂3 enveloped by the 3-dimensional
mean curvature spheres Span{ξ1, ξ2}, which includes M3 as part of it. On M3 these
circular arcs are indeed the integral curves of the vector field E3.
(4) This envelope M̂3 ⊂ S5, as a natural extension of x : M3 → S5, is still a
Wintgen ideal submanifold (at its regular points).
Proof. The structure equations (3.19) and (3.20) imply
d(ξ1 − iξ2) = iµ(ω1 + iω2)(η1 + iη2) + iθ12(ξ1 − iξ2). (3.48)
Geometrically that means ξ = [ξ1− iξ2] :M3 → CP 6 decomposes as a quotient map
π : M3 → M = M3/Γ composed with a holomorphic immersion ξ¯ : M → CP 6.
Thus conclusion (1) is proved, and (2) follows directly.
To prove (3), notice that the light-like directions in Span{Y, Yˆ , η3} represent
points on a circle. Since {ξ1, ξ2, dξ1, dξ2} span a 4-dimensional spacelike subspace
by (3.48), the corresponding 2-parameter family of 3-dimensional mean curvature
sphere congruence has an envelop M̂ , whose points correspond to the light-like
directions in the orthogonal complement Span{Y, Yˆ , η3}. In particular [Y ], [Yˆ ] are
two points on this circle. Such circles form a 2-parameter family, with M as the
parameter space. They give a foliation of M̂3 which is also a circle fibration.
We assert that every integral curve γ of E3 is contained in such a circle. Because
Span{ξ1, ξ2, η1, η2}(p) is a fixed subspace along an integral curve of E3 passing p ∈
M3 by (3.19)∼(3.22) and (3.45),(3.42),(3.43). Thus the integration of Y along E3
direction is always located in the orthogonal complement Span{Y (p), Yˆ (p), η3(p)},
which describes a circle as above. Thus M̂3 ⊃ M3, and each circle fiber cover an
integral curve of E3. This verifies (3).
To prove (4), we need only to show that for arbitrarily chosen smooth function
λ :M3 → R, the corresponding [Yˆ ] :M3 → S5 is a Wintgen ideal submanifold. This
is because at one point p ∈M3, when λ runs over (−∞,∞), [Yˆ (p)] given by (3.18)
will cover the circle fiber except [Y (p)] itself; and when λ :M3 → R is arbitrary, all
such local mappings will cover M̂ by their images.
We have to compute out the Laplacian of Yˆ with respect to its induced metric
ωˆ21+ ωˆ
2
2+ ωˆ
2
3 which is necessary to determine the normal frames (the mean curvature
spheres) {ξˆr} of Yˆ . The main difficulty is that the map Yˆ : M3 → R71 is generally
not conformal to Y . Fortunately we need only to find an orthogonal frame {Eˆj}3j=1
with the same length for Yˆ , and then using the fact SpanR{Yˆ , Yˆj ,
∑3
j=1 EˆjEˆj(Yˆ )} =
SpanR{Yˆ , Yˆj , ∆ˆYˆ }.
Claim: Yˆ shares the same mean curvature spheres {ξ1, ξ2} as Y .
This requires to show 〈∑3j=1 EˆjEˆj(Yˆ ), ξr〉 = 0. Since 0 = 〈Yˆ , ξr〉 = 〈dYˆ , ξr〉 =
〈Yˆ , dξr〉 by (3.19), (3.20) and (3.25), we need only to verify
〈Yˆ ,
3∑
j=1
EˆjEˆj(ξr)〉 = 0, r = 1, 2.
For this purpose, suppose (keeping (3.45) in mind):
ωˆ1 = Fˆω1 + Gˆω2, ωˆ2 = −Gˆω1 + Fˆ ω2, ωˆ3 = aω1 + bω2 + cω3.
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Notice that we can always assume Yˆ to be an immersion at the points where M̂ is
regular, hence c 6= 0. Then one can take
Eˆ1 = FˆE1 + GˆE2 + a13E3, Eˆ2 = −GˆE1 + FˆE2 + a23E3, Eˆ3 = a33E3,
where a13, a23, a33 are uniquely determined by ωˆi(Eˆj) = (Fˆ
2 + Gˆ2)δij . The explicit
form of a13, a23, a33 is not important, because when we insert the formulae above to∑3
j=1 EˆjEˆj(ξr), the terms involving E3 will always be orthogonal to Yˆ . For example,
〈E3(η1), Yˆ 〉 = −〈η1, E3(Yˆ )〉 = ωˆ1(E3) = 0 by (3.45). Thus we need only to compute
the effect on ξr of the operator below:
(FˆE1 + GˆE2)
2 + (−GˆE1 + FˆE2)2 ≈ (Fˆ 2 + Gˆ2)∂∂¯.
The two sides are equal up to first order differential operators like [E1, E2], E1, E2,
whose action on ξr must be orthogonal to Yˆ ; the complex differential operators are
defined as usual:
∂ = E1 − iE2, ∂¯ = E1 + iE2.
Since (ω1 + iω2)(∂¯) = 0, it follows from (3.48) that
∂¯(ξ1 − iξ2) = iθ12(∂¯)(ξ1 − iξ2),
∂∂¯(ξ1 − iξ2) ∈ SpanC{ξ1 − iξ2, η1 + iη2} ⊥ Yˆ .
This completes the proof of the previous claim.
For Yˆ we still take its canonical lift, whose derivatives are combinations of
Yˆ , η1, η2, η3; its normal frame is still {ξ1, ξ2}. We read from (3.19)(3.20) that its
Mo¨bius second fundamental form still take the same form as (3.1). Thus conclusion
(4) and the whole theorem is proved.
Remark 3.4. In the proof above, among the integrability equations from (3.26)∼(3.40),
only (3.39) and (3.37) are necessary for us (to deduce the algebraic form (3.45) and
(3.42),(3.43), where the explicit coefficients are not important). This is somewhat
striking to the authors that the strong conclusion (4) follows from so few conditions.
In a forthcoming paper [14] we will give a general treatment of codimension-two
Wintgen ideal submanifolds based on the observations in this theorem.
Another interesting feature is the resemblance between conclusion (4) and the
duality theorem for Willmore surfaces [1].
4 Minimal Wintgen ideal submanifolds
Since we have classified all Wintgen ideal submanifolds in [12] whose canonical
distribution D = Span{E1, E2} is integrable (that means L = 0), in the rest of this
paper we will only consider the case
L 6= 0.
From now on we take the frame (3.17) and (3.18), and make the following
Assumption: λ =
G
L
=
C11,1 − C12,2
−2B111,3
. (4.1)
By Lemma 3.2 we have
ωˆ1 = Fˆω1, ωˆ2 = Fˆω2. (4.2)
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Remark 4.1. The correspondence Y → Yˆ describes a self-mapping of the enveloping
submanifold M̂3 where Yˆ and Y are located on the same circle fiber. At correspond-
ing points they share the same normal vector fields {ξr}, with respect to which we
can talk about principal directions. According to Theorem 3.3 and Lemma 3.2, the
correspondence Y → Yˆ preserves the principal directions for any ξr if and only if
λ = G/L. This explains the geometric significance of the condition (4.1).
Under the assumption (4.1),
ω = −V ω1 + Uω2 + G
L
ω3. (4.3)
Together with (3.40) and (4.2) there must be
dω = −ω3 ∧ ωˆ3. (4.4)
On the other hand, it follows from (3.11) and λ = G/L that (3.41),(3.42) and (3.43)
now take the form
2Ω12 + θ12 = Uω1 + V ω2 + Lω3, (4.5)
Ω13 =
G
L
ω1 + Lω2, Ω23 = −Lω1 + G
L
ω2. (4.6)
Insert these into structure equations (3.35) and (3.36), and simplify by (3.29), (3.30)
together with (4.2). We have
dL ∧ ω2 = (Uω1 + V ω2 + Lω3) ∧ (−Lω1 + G
L
ω2)− ω1 ∧ (ωˆ3 − dG
L
)− Fˆω1 ∧ ω3,
dL ∧ ω1 = (Uω1 + V ω2 + Lω3) ∧ (G
L
ω1 + Lω2) + ω2 ∧ (ωˆ3 − dG
L
) + Fˆω2 ∧ ω3.
Comparing the coefficients of ω1∧ω2, ω1∧ω3, ω2∧ω3 in these two equations separately,
we obtain
ωˆ3(E1) = E2(L) + UL+ E1(
G
L
)− V G
L
, (4.7)
ωˆ3(E2) = −E1(L) + V L+E2(G
L
) + U
G
L
, (4.8)
ωˆ3(E3) = E3(
G
L
) + L2 − Fˆ , (4.9)
E3(L) = G. (4.10)
Similarly, inserting (4.2) into (3.31) and (3.32) yields
dFˆ ∧ ω1 = (2Ω12 + θ12) ∧ Fˆω2 − ω ∧ Fˆω1 +Ω13 ∧ ωˆ3,
dFˆ ∧ ω2 = −(2Ω12 + θ12) ∧ Fˆω1 − ω ∧ Fˆω2 +Ω23 ∧ ωˆ3.
Invoking (4.3),(4.5),(4.6) and comparing the coefficients of ω1 ∧ ω2, ω1 ∧ ω3, ω2 ∧ ω3
in these two equations separately, one gets
Fˆ = ωˆ3(E3), (4.11)
E1(Fˆ ) = 2V Fˆ − G
L
ωˆ3(E1)− Lωˆ3(E2), (4.12)
E2(Fˆ ) = −2UFˆ + Lωˆ3(E1)− G
L
ωˆ3(E2), (4.13)
E3(Fˆ ) = −G
L
(Fˆ + ωˆ3(E3)) = −2G
L
· Fˆ . (4.14)
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Remark 4.2. We point out that L,G, ω, Fˆ are well-defined Mo¨bius invariants. It
is necessary and sufficient to verify that they are independent to the choice of the
frames, or equivalently, that they are invariant under the transformation (3.2). This
is obvious for L by (3.12), for G by (4.10), and for ω by ω = 〈dY, Yˆ 〉 where the
frame vectors Yˆ , η3 are now canonically chosen after taking λ =
G
L . For Fˆ we can
verify the invariance under the transformation (3.2) by Fˆ = 〈E1(Yˆ ), η1〉, or just
using (4.11).
On the other hand, U, V correspond to {Cri }, components of the Mo¨bius form,
which depend on the choice of {E1, E2} and {ξ1, ξ2}. Yet in that case we can choose
the angle t in (3.2) suitably such that V = 0 identically. Then the new function
U is well-defined and Mo¨bius invariant. (There are other choice of the frame in a
canonical way, and any of them works in the proof to Theorem 5.4 later.)
Now we can state our Mo¨bius characterization theorem for minimal Wintgen
ideal submanifolds of dimension three in five dimensional space form.
Theorem 4.3. Let x : M3 → S5 be a Wintgen ideal submanifold. Assume the
distribution D = Span{E1, E2} to be non-integrable, i.e., L 6= 0. Then the following
conditions are equivalent:
(1) dω = 0, where ω = −V ω1 + Uω2 + GLω3.
(2) The correspondence Y → Yˆ of the enveloping submanifold M̂3 is a conformal
map. (Yˆ might be degenerate.)
(3) x : M3 → S5 is Mo¨bius equivalent to a minimal Wintgen ideal submanifold
in a space form. In particular, the space form is S5,R5 or H5 depending on whether
Fˆ is positive, zero or negative.
Proof. If Y and Yˆ are conformal, then there exists a non-negative function a so that
ωˆ21 + ωˆ
2
2 + ωˆ
2
3 = a(ω
2
1 + ω
2
2 + ω
2
3). (4.15)
Combining with (4.2) and (4.4) we have dω = 0. Thus (2) implies (1).
Next we show (1) implies (2) and (3). If dω = 0, it follows from (4.4)(4.11) that
ωˆ3 = Fˆω3. Together with (4.2), ωˆj = Fˆωj for j = 1, 2, 3. So Y and Yˆ are conformal,
and (2) is proved.
Using (4.12)∼(4.14) we get
dFˆ + 2Fˆ ω = 0. (4.16)
Now the structure equations can be rewritten as below:
d(Fˆ Y + Yˆ ) = −ω(Fˆ Y + Yˆ ) + 2Fˆ (ω1η1 + ω2η2 + ω3η3); (4.17)
dη1 = −ω1(Fˆ Y + Yˆ ) + Ω12η2 + Lω2η3 + µω2ξ1 + µω1ξ2; (4.18)
dη2 = −ω2(Fˆ Y + Yˆ )− Ω12η1 − Lω1η3 + µω1ξ1 − µω2ξ2; (4.19)
dη3 = −ω3(Fˆ Y + Yˆ )− Lω2η1 + Lω1η2; (4.20)
dξ1 = −µω2η1 − µω1η2 + θ12ξ2; (4.21)
dξ2 = −µω1η1 + µω2η2 − θ12ξ1; (4.22)
d(Fˆ Y − Yˆ ) = −ω(Fˆ Y − Yˆ ). (4.23)
So Span{Fˆ Y − Yˆ } is parallel along M3, as well as its orthogonal complement
V6 = Span{Fˆ Y + Yˆ , η1, η2, η3, ξ1, ξ2} .
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That means both of them are fixed subspaces of R71. The type of the inner product
restricted on these subspaces depends on the sign of Fˆ , which will not change on a
connected open set, because Fˆ satisfies a linear PDE (4.16). We discuss them case
by case.
Case 1: Fˆ > 0. This case V6 is a fixed space-like subspace orthogonal to a fixed
time-like line V⊥. Define
f =
Fˆ Y + Yˆ√
2Fˆ
, g =
Fˆ Y − Yˆ√
2Fˆ
,
which satisfy 〈f, f〉 = 1, 〈g, g〉 = −1. So g ∈ V⊥ is a constant time-like vector, and
f :M3 → S5 ⊂ V is a submanifold in the sphere.
Assume g = (1,~0). This is without loss of generality since we can always apply a
Lorentz transformation in R71 to Y and its frame at the beginning if necessary, whose
effect on x(M) ⊂ S5 is a Mo¨bius transformation. Then from the geometric meaning
of the mean curvature sphere ξr explained in Remark 2.1, we know that x :M
3 → S5
is a minimal Wintgen ideal submanifold (up to a conformal transformation).
Note that this special minimal submanifold can now be identified with f since
we have
f + g =
√
2Fˆ Y =
√
2Fˆ ρ(1, x).
Comparison shows
√
2Fˆ ρ = 1 and x = f . That f : M3 → S5 ⊂ V is minimal can
be verified directly by (4.17)∼(4.22).
Case 2: Fˆ < 0. In this case, V6 is a fixed Lorentz subspace orthogonal to a
constant space-like line V⊥. Define f = (Fˆ Y + Yˆ )/
√
−2Fˆ , g = (Fˆ Y − Yˆ )/
√
−2Fˆ .
Then similar to Case 1 we know x is Mo¨bius equivalent to f : M3 → H5 ⊂ V ∼= R61
which is a minimal Wintgen ideal submanifold.
Case 3: Fˆ ≡ 0. Now ωˆi ≡ 0, i = 1, 2, 3. So dYˆ = −ωYˆ . That means Yˆ deter-
mines a constant light-like direction. From dω = 0, we get w = dτ for some locally
defined function τ . Up to a Lorentz transformation one may take eτ Yˆ = (−1, 1,~0)
which is still denoted by g. Since 〈ξr, g〉 = 0, from the geometric meaning of the
mean curvature sphere ξr explained in Remark 2.2 we know that x is a three di-
mensional minimal Wintgen ideal submanifold in R5 (up to a suitable conformal
transformation).
Finally we show (3) implies (1), i.e., for any minimal Wintgen ideal submanifold
x : M3 → Q5(c) whose distribution D = Span{E1, E2} is not integrable, there is
always dω = 0.
By assumption, for this x we can always take local orthonormal frame {e1, e2, e3}
and {n1, n2} for the tangent and normal bundles, such that the second fundamental
form is given by
h1 =

0 ν 0ν 0 0
0 0 0

 , h2 =

ν 0 00 −ν 0
0 0 0

 . (4.24)
It follows that ρ2 = 6ν2 by (2.2). From Remark 2.2, using (2.14) we always have
C11 = −C22 = −
e2(ν)
6ν2
, C21 = C
2
1 = −
e1(ν)
6ν2
. (4.25)
Consider the Mo¨bius position vector Y : M3 → R71 of x defined by (2.2). For the
Mo¨bius metric
g = 〈dY, dY 〉 = ρ2dx2 = 6ν2dx2,
14
we can choose {E1 = e1√6ν , E2 =
e2√
6ν
, E3 =
e3√
6ν
} as a set of local orthonormal basis
for (M3, g) with the dual basis {ω1, ω2, ω3}. By (3.11),
2ω12 + θ12 = −Uω1 − V ω2 + Lω3,
We have
C11,1 = E1(C
1
1 ) + C
1
2 (ω21 + θ21)(E1) =
1√
6ν
(−E1(E2(ν)) + E1(ν)ω21(E1)),
C12,2 = E2(C
1
2 ) + C
1
1 (ω12 + θ12)(E2) =
1√
6ν
(−E2(E1(ν)) + E2(ν)ω12(E2)).
Using (3.11) we get
C11,1 − C12,2 = 2
E3(ν)
ν
µL.
So we get that GL =
E3(ν)
ν . Since
ω = −
√
6(C12ω1 + C
1
1ω2) +
G
L
ω3 =
E1(ν)
ν
ω1 +
E2(ν)
ν
ω2 +
E3(ν)
ν
ω3, (4.26)
it is obvious that ω is an exact 1-form, and dω = 0. This finishes the proof.
Remark 4.4. In the proof of (1)⇒(3), there is always a constant vector g orthogonal
to Span{ξ1, ξ2, η1, η2} in either of the three cases. Thus in the foliation described in
(3) of Theorem 3.3, each leave is now a geodesic in the corresponding space form. In
other words, they are ruled submanifolds. This fact is already known in the study
of austere submanifolds [2],[6],[16].
5 Two Mo¨bius characterization results
In this section we will give two characterization theorems (in terms of Mo¨bius
invariants) related with the following minimal Wintgen ideal submanifolds in S5.
Example 5.1. Let γ : N2 → CP 2 be a holomorphic curve, and π : S5 → CP 2 be
the Hopf fibration. Then the circle bundle M3 ⊂ S5 over N2 obtained by taking the
Hopf fibers over γ(N2) is a three dimensional minimal Wintgen ideal submanifold
in S5 as pointed out in [7] (Example 6).
Observe that S1 acts by isometry on S5 whose orbits give the Hopf fibration.
Thus for M3 as above it has an induced S1 symmetry. Consider the second funda-
mental forms given in (4.24); the invariant ν must be a constant along every orbit
of this S1 action, which is exactly an integral curve of E3 (see [7] for details where
they use ξ to denote this E3). So we have G = E3(ν) = 0 in this special case. Since
they are minimal, by Theorem 4.3 we have dω = 0. These conditions characterize
this class of submanifolds as below.
Theorem 5.2. Let x :M3 → S5 be a Wintgen ideal submanifold with non-integrable
distribution D = Span{E1, E2}. If it satisfies dω = 0, G = 0, then up to a Mo¨bius
transformation on S5, x is the Hopf lift of a holomorphic curve given in Example 5.1.
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Proof. When G = 0, comparing the coefficients of ω1 ∧ ω3 in (4.9) and using (4.11)
yields 2Fˆ = L2. From the proof to theorem 4.3 we know that x is Mo¨bius equivalent
to a minimal Wintgen ideal submanifold
f =
Fˆ Y + Yˆ√
2Fˆ
:M3 → S5 ⊂ R6,
where R6 = SpanR{f, η3, η1, η2, ξ1,−ξ2}. Using (3.19)∼(3.25) and 2Fˆ = L2, dFˆ =
−2ωFˆ , with respect to this frame we can write out the structure equations of f :
d


f
η3
η1
η2
ξ1
−ξ2


=


0 Lω3 Lω1 Lω2 0 0
−Lω3 0 −Lω2 Lω1 0 0
−Lω1 Lω2 0 Ω12 µω2 −µω1
−Lω2 −Lω1 −Ω12 0 µω1 µω2
0 0 −µω2 −µω1 0 −θ12
0 0 µω1 −µω2 θ12 0




f
η3
η1
η2
ξ1
−ξ2


. (5.1)
Denote the frame as a matrix T :M3 → SO(6) with respect to a fixed basis {ek}6k=1
of R6, we can rewrite (5.1) as
dT = ΘT. (5.2)
The algebraic form of Θ motivates us to introduce a complex structure J on R6 =
SpanR{f, η3, η1, η2, ξ1, ξ2} as below:
J


f
η3
η1
η2
ξ1
−ξ2


=


(
0 −1
1 0
)
(
0 −1
1 0
)
(
0 −1
1 0
)




f
η3
η1
η2
ξ1
−ξ2


.
Denote the diagonal matrix at the right hand side as J0. Then the matrix represen-
tation of operator J under {ek}6k=1 is:
J = T−1J0T.
Using dT = ΘT and the fact that J0 commutes with Θ, it is easy to verify
dJ = −T−1dTT−1J0T + T−1J0dT = −T−1ΘJ0T + T−1J0ΘT = 0.
So J is a well-defined complex structure on this R6.
Another way to look at the structure equations (5.1) is to consider the complex
version:
d(f + iη3) = −iLω3(f + iη3) + L(ω1 − iω2)(η1 + iη2), (5.3)
d(η1 + iη2) = −L(ω1 + iω2)(f + iη3)− iΩ12(η1 + iη2) + iµ(ω1 − iω2)(ξ1 − iξ2),
d(ξ1 − iξ2) = iµ(ω1 + iω2)(η1 + iη2) + iθ12(ξ1 − iξ2). (5.4)
Geometrically, this implies that
C3 = SpanC{f + iη3, η1 + iη2, ξ1 − iξ2},
is a fixed three dimensional complex vector space endowed with the complex struc-
ture i, which is identified with (R6,J) via the following isomorphism between com-
plex linear spaces:
v ∈ C3 7→ Re(v) ∈ R6.
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For example, f + iη3 7→ f, if − η3 7→ −η3 and so on.
The second geometrical conclusion is an interpretation of (5.3) that [f + iη3] de-
fines a holomorphic mapping from the quotient surfaceM =M3/Γ to the projective
plane CP 2 (like the conclusion (1) in Theorem 3.3). Moreover, the unit circle in
SpanR{f, η3} = SpanR{f,Jf} = SpanC{f + iη3}
is a fiber of the Hopf fibration of S5 ⊂ (R6,J). It corresponds to the subspace
SpanR{Y, Yˆ , η3}, which is geometrically a leave of the foliation (M3,Γ) as described
by conclusion (3) in Theorem 3.3. Thus the whole M3 is the Hopf lift of M → CP 2.
In other words we have the following commutative diagram
M3 S5 C3
M CP 2
f
//
⊂
//
M3/Γ

[f+iη3]

❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
//
pi

pi
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
This finishes the proof.
Among examples given above, there is a special one coming from the lift of the
famous Veronese embedding γ : CP 1 → CP 2 which is homogeneous. Thus the lift
M3 is itself a homogeneous minimal Wintgen ideal submanifold in S5. This special
example can also be described as below.
Example 5.3. The orthogonal group SO(3) embedded in S5 homogeneously:
x : SO(3) → S5, (u, v, u × v) 7→ 1√
2
(u, v). (5.5)
The orthonormal frames of the tangent and normal bundles can be chosen as e1 =
(u × v, 0), e2 = (0, u × v), e3 = 1√2(−v, u); n1 =
−1√
2
(v, u), n2 =
−1√
2
(u,−v). Direct
computation verifies that it is a minimal Wintgen ideal submanifold.
Consider the canonical lift Y =
√
6(1, x) : SO(3) → R71. The Mo¨bius metric is
given by g = 6dx · dx. It follows from (2.14) that the Mo¨bius form vanishes, i.e.,
Crj = 0. Next, {Ej = ej/
√
6} form an orthonormal frame for (M3, g), with the dual
1-form {ωj}. So the frame used in Section 3 is given by
ηj = Yj = (0, ej), Yˆ = N =
1
2
√
6
(−1, x), ξr = (0, nr).
The structure equations are
d


Y
Yˆ
η1
η2
η3
ξ1
ξ2


=


0 0 ω1 ω2 ω3 0 0
0 0 ω112
ω2
12
ω3
12 0 0−ω1
12 −ω1 0 0 ω2√6
ω2√
6
ω1√
6−ω2
12 −ω2 0 0 −ω1√6
ω1√
6
−ω2√
6−ω3
12 −ω3 −ω2√6
ω1√
6
0 0 0
0 0 −ω2√
6
−ω1√
6
0 0 ω3√
6
0 0 −ω1√
6
ω2√
6
0 −ω3√
6
0




Y
Yˆ
η1
η2
η3
ξ1
ξ2


. (5.6)
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In [7] they gave a characterization of this example as the unique Wintgen ideal
submanifold Mm → Qm+2(c) with constant non-zero normal curvature. Here we
provide another characterization of it in Mo¨bius geometry.
In the statement below, a connected submanifold M in S5 is said to be locally
Mo¨bius homogenous if for any two points p, q ∈ M , there are two neighborhoods
Up, Uq ⊂ M of them respectively and a Mo¨bius transformation T such that T (p) =
q, T (Up) = Uq. An essential property of a locally (Mo¨bius) homogenous submanifold
is that any well-defined (Mo¨bius) invariant function on it must be a constant.
Theorem 5.4. Let x : M3 → S5 be a Wintgen ideal submanifold of dimension 3.
If it is locally Mo¨bius homogenous and the distribution D = Span{E1, E2} is not
integrable, then up to a Mo¨bius transformation this is part of x : SO(3) → S5 given
in Example 5.3.
Proof. According to Remark 3.1 and Remark 4.2, the coefficients {Fˆ , G,L} appear-
ing in the structure equations are geometric invariants. Thus under our assumption
these functions must be constants; in particular L is a non-zero constant.
By (4.10) we know G = E3(L) = 0. From (4.7)∼(4.11), we have
2Fˆ = L2, ωˆ3 = LUω1 + LV ω2 + Fˆω3. (5.7)
By (4.5) one can write out explicitly that
Ω12 = αω1 + βω2 + γω3. (5.8)
θ12 = (U − 2α)ω1 + (V − 2β)ω2 + (L− 2γ)ω3. (5.9)
Note that in general α, β, γ are not geometric invariants, because they are compo-
nents of the connection 1-form Ω12, and when the frame {E1, E2} rotate by angle t
in (3.2), Ω12 will differ by a closed 1-form dt.
On the other hand, by (3.10), U2 + V 2 is the square of the norm of the Mo¨bius
form Φ (up to a non-zero constant), hence a geometric invariant. It must also be a
constant on M3.
Claim: The 1-form ω = 0 identically; i.e., U = V = 0 on M3 everywhere and
under any frame {E1, E2}. (As a consequence of this fact and the conclusion of
Theorem 5.2, any of such examples is the Hopf lift of a complex curve in CP 2.)
We prove this claim by contradiction. Suppose U2 + V 2 is a non-zero constant.
We can choose a canonical frame according to Remark 4.2. With respect to such a
canonical frame, all coefficients α, β, γ in (5.8) are now well-defined functions, hence
be constants. From (3.29)∼(3.28) we have
dΩ12 =(α
2 − αU + β2 − βV + 2Lγ)ω1 ∧ ω2
+ [α(L− γ) + γU ]ω2 ∧ ω3 − [β(L− γ) + γV ]ω1 ∧ ω3, (5.10)
dθ12 =− [(U − 2α)(U − α) + (V − 2β)(V − β)− 2(L− 2γ)L]ω1 ∧ ω2
+ [(U − 2α)(L− γ) + U(L− 2γ)]ω2 ∧ ω3
− [(V − 2β)(L− γ) + V (L− 2γ)]ω2 ∧ ω3. (5.11)
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Comparing the coefficients with (3.34) and (3.38) separately, we obtain
α2 − αU + β2 − βV + 2Lγ = 2µ2 − 2L2, (5.12)
α(L− γ) + γU = 0, (5.13)
β(L− γ) + γV = 0, (5.14)
2µ2 = −(U − 2α)(U − α)− (V − 2β)(V − β) + 2(L− 2γ)L, (5.15)
(U − 2α)(L − γ) + U(L− 2γ) = 0, (5.16)
(V − 2β)(L− γ) + V (L− 2γ) = 0. (5.17)
If γ = L 6= 0, then from (5.13) and (5.14) we have U = V = 0. This does not
only contradict with the assumption U2+ V 2 6= 0, but also implies from (5.15) that
µ2 = −α2 − β2 − L2, a contradiction with L 6= 0, µ = 1/√6 6= 0.
If γ 6= L, then (5.13) and (5.14) tell us α = − γL−γU, β = − γL−γV. Combined with
(5.16) and (5.17), we get γ = 2L,α = 2U, β = 2V. Insert them into (5.15), we have
2µ2 = −3U2 − 3V 2− 6L2. So there must be U = V = L = 0, which also contradicts
to our assumption. Thus the claim is proved.
Now that U = V = GL = 0, we have ω = 0 and 2Ω12 + θ12 = Lω3. Differentiate
the last equation. We get
d(2Ω12 + θ12) = Ldω3 = 2L
2ω1 ∧ ω2.
On the other hand, still by (3.34)(3.38) there is
d(2Ω12 + θ12) = (6µ
2 − 4L2)ω1 ∧ ω2.
Comparison shows
L = µ = 1/
√
6
(assume L > 0 without loss of generality). Then by (3.41)(3.34) and 2Fˆ = L2 in
(5.7), we obtain
dΩ12 = dω12 = 2(µ
2 − L2)ω1 ∧ ω2 = 0.
Thus Ω12 is a closed 1-form, which is locally an exact 1-form. Then we can use
(3.2) to find another frame such that Ω12 = ω12 = 0 and such frame is canonically
chosen once it is fixed at an arbitrary point. With respect to this frame on a simply
connected domain of M3 we know α = β = γ = 0 in (5.8), and θ12 =
1√
6
ω3 in (5.9).
The proof is finished by checking that the structure equations are the same as (5.6)
for x(SO(3)).
Remark 5.5. For Mo¨bius homogeneous Wintgen ideal submanifolds M3 → S5 with
L = 0 (integrable D), the classification will not be difficult. By the conclusion of
Theorem A in the introduction, such an example comes from super-minimal surface
M in four dimensional space forms. This super-conformal M must also be homoge-
neous by itself. According to our classification of Willmore surfaces with constant
Mo¨bius curvature [21], this M should be the Veronese surface RP 2 → S4, and the
original M3 is a cone in R5 over this surface.
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